Theorem. FEvery composite number has a prime divisor not greater than its square root.

Proof. Let n be a composite number. We can write n = ab for some integers a and b with 1 < a <
b < n. Suppose a > /n, then we would have b > /n making n = a-b > \/n-\/n = n, a contradiction.
Hence we must have a < /n.

Now, by the Lemma below, a is divisible by some prime, p, and therefore p divides a. Since p < a <
V/n, it follows that n has a prime divisor not greater than \/n.

O

Lemma. FEvery integer greater than 1 is divisible by some prime.

Proof. We use strong mathematical induction. The basis of the induction holds because 2 is divisible
by 2 and 2 is a prime.

Let the induction hypothesis be the assumption that every number in the set {2,3,4, ..., n} is divisible
by some prime. Now consider the next integer n + 1. We want to show that n + 1 is also divisible by
some prime.

If n + 1 is prime then we are done as it is divisible by the prime n 4+ 1. Otherwise n + 1 is composite
and n+1 = r- s for some integers  and s with 2 < r < n. By the induction hypothesis, r is divisible
by some prime, p, and since p divides r and r divides n+ 1, then p divides n+ 1. In either case, n+1
is divisible by some prime and the result follows. O
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